THE CONE OF MOVING CURVES OF A SMOOTH FANO 
THREE- OR FOURFOLD 



SAMMY BARKOWSKI 



Abstract. We describe the closed cone of moving curves NM(X) C Ni{X)^ 
of a smooth Fano three- or fourfold X by finitely many linear equations. These 
equations are induced by the exceptional divisors of divisorial contractions 
and nef divisors on birational models of X which are obtained by flips. The 
proof provides an inductive way to compute the cone NM(X) of moving curves 
and gives a description of the Mori cone of a variety X+ obtained by a flip 
4> : X --^ X+ of a small contraction on X. 
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1. Introduction 

We will give a characterisation of the cone NM(X) of moving curves of a smooth 
Fano three- or fourfold X by a finite number of linear equations, which are related to 
exceptional divisors of divisorial contractions and nef divisors on birational models 
of X: 

Theorem 1.1 (Main Theorem). Let X he a smooth Fano fourfold. Then there 
exists an explicitely known, finite set Eq(X) C N^{X)-r of divisor classes such that 

WM{X) = {7 e Ni{X)r \j.A>0 for all a e Eq(X)}. 

In particular, 'NM(X) is a closed convex polyhedral cone in Ni{X)^. 

We will construct the set Eq(X) explicitely in the following sections, and we will 
show by example that this set is actually computable. 

The proof of the main theorem also appHes to smooth Fano threefolds. We will 
thus deduce the following statement. 

Proposition 1.2. Let X be a smooth Fano threefold and let ipi : X ^ Xi he the 

divisorial contractions of X , with exceptional divisors Ei C X and extremal rays 
M+[ri], z = 1, . . . , fc, of the Mori cone NE{X). Then 

NM(X) ^{je Ni{X)r \ J. A>0 for all a e {[Ei], . . . , [Ek]} U Nef(X)}. 

In particular, 'NM(X) is a closed convex polyhedral cone in Ni{X)k. 
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There are several authors who have been working on the cone of moving curves. 
As a consequence of their main theorem in the preprint [BCHM06], C. Birkar, P. 
Cascini, C. Hacon and J. M'^Kernan obtain that the cone of moving curves of a 
Fano n-fold is polyhedral. 

In contrast to our approach, they describe the cone in terms of extremal rays which 
can be obtained as pullbacks of rational curves lying in a general fibre of a Mori 
fibre space obtained by running the minimal model program. 

This idea was introduced in a more general setup in the paper [Bat92] by V. V. 
Batyrev. There he gives a structure theorem for the moving cone of a threefold, 
which was finally proved in the preprint [Ara05] by C. Araujo, but see [Ara05, 
Remark 3.4]. Very recently, B. Lehmann published the preprint [Leh08]. He proves 
a version of this structure theorem for higher-dimensional varieties. The author has 
been informed that Alex Kiironya and Endre Szabo have independently obtained a 
description of the moving curves of manifolds in dimension three and four. 

The proof of Theorem 1.1 and Proposition 1.2 rely on the famous result [BDPP04, 
Theorem 2.2] of Bucksom, Demailly, Paun and Peternell. In the case of a smooth 
Fano fourfold we additionally employ a theorem [Kaw89, Theorem 1.1] of Y. Kawa- 
mata that describes fiips in detail. 

Acknowledgments. The results presented here are part of the author's Ph.D. the- 
sis [Bar08], written under the supervision of Stefan Kebekus. The author would like 
to thank the Graduiertenkolleg "Globale Strukturen in Geometrie und Analysis" of 
the Deutsche Forschungsgemeinschaft, DFG, which granted him a full scholarship. 
He would also Hke to thank James M'^Kernan, Sean Keel, Alex Kiironya, CaroHna 
Araujo, Laurent Bonavero and particularly Cinzia Casagrande for answering his 
questions. Moreover, he is thankful to Laurent Bonavero and Andreas Horing for 
some inspiring discussions during the summer school "Geometry of complex projec- 
tive varieties and the minimal model program" in 2007 and a workshop in 2008 at 
the Institut Fourier in Grenoble. 

2. Flips for smooth fourfolds 

2.1. Essential results. In this short section we will cite the results which will be 
the technical basis for the proof of Theorem 1.1. The first theorem allows us to 
describe the moving cone in terms of linear equations. 

Theorem 2.1 (see [BDPP04, Theorem 2.2 and Theorem 2.4]). Let X be an irre- 
ducible projective variety of dimension n. Then the cone NM(X) of moving curves 
and the cone Eff(A') of pseudoeffective divisors are dual; in other words, 

mK{X) = {7 G Ni{X)k I 7 • a > 0, for all A e Eff(X)}. 

□ 

The reader who is not familiar with the subject may take this statement as the 
definition for the moving cone. For a detailed treatment see [Bar08, Chapter 1]. 

If the Mori cone NE(Ar) of a smooth Fano fourfold X has a small extremal ray, we 
have to use the fiip of the corresponding small contraction to obtain some of the 
linear equations which cut out the moving cone NM(A') of X. The following result, 
which is due to Kawamata, gives a precise description of the exceptional locus of a 
small contraction on a smooth fourfold. 
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Theorem 2.2 ([Kaw89, Theorem 1.1]). Let X be a non-singular projective variety 
of dimension four and let (p : X ^ Y be a small contraction. Then the exceptional 
locus S of ip is a disjoint union of its irreducible components Si, i = 1 . . .n, such 
that Si =F'^ and iVg./x == C'p^ (— 1) © Op2(—l), where Ng./x denotes the normal 
bundle of Si in X . □ 

Moreover, Kawamata proves the following corollary. 

Corollary 2.3 ([Kaw89, Corollary 1.2]). Let (p : X Y be as in Theorem 2.2. 
Then there exists a flip 

(1) X ---^x+ 



where X+ is a non-singular projective variety. □ 

Remark 2.4. The flip is constructed as follows. If we blow up the exceptional locus 
S m X, then the exceptional divisor of the blow-up is a disjoint union of irreducible 
components =P^ x P^. Furthermore, the normal bundle of each Ei is isomorphic 
to pr*(C'p2(— 1)) © pr2(C'pi (— 1)), where pri, resp. pr2, denotes the projection on 
the flrst, resp. second, factor of x P^. By contracting the exceptional divisor in 
the other direction, we obtain a smooth projective variety X+ and the commutative 
flip-diagram (1), but see [Kaw89, Corollary 1.2]. 

Remark 2.5 ([BarOS, Remark 4.18]). Let X be as in Theorem 2.2 with flip dia- 
gram (1). Moreover, let 7 be the class of a line g which lies in a flbre of Lp and let 
7+ be the class of a curve g'^ which lies in a flbre of (p+ . 

Fact 2.6. The curve 5+ is isomorphic to P^, and an elementary computation using 
the normal bundle sequence shows that 

N,/x^O,{\) ® (0<,(-l)®') and iV<,+/x+ = 0^+ (-1)®^ 

Taking the degree of the flrst Chern classes in the normal bundle sequences for 
Ng/x and Ng+ /x+ yields that 

(2) ^+ \Kx+] = ^ = -l\Kx]. 

This equation will be very useful in the proof of the main theorem. 



We will now introduce a method to take pullbacks or pushforwards of 1-cycles via 
a flip, which will be used throughout the whole paper. For more details see [Ara05, 
Section 3] or [Bar08, Chapter 3]. 

Fact 2.7 ([Ara05, Deflnition 3.1]). Let ip : X F be a birational map between 
smooth projective varieties which is an isomorphism in codimension one. The 
pullback of Q-Cartier divisors on Y via ip yields an injective linear map 

p* ■.N\Y)^'^N\X)^, 

between the Neron-Severi vector spaces of numerical equivalence classes of R- 
divisors on Y , and on X . Analogously, the pushforward of Q-Cartier divisors on X 
via p yields a surjective linear map 

p, : N\X)^ ^ N\Y)^ 



such that Lp^ o p* = id7vi(y)j,. 
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Definition 2.8. Let 

(^t :iVi(y)R-^iVi(X)K 

be the dual linear map of the pushforward (/s* : iV^(X)R N-^{Y)s, of M-divisors 
on X and let 

ip^i : iVi(X)K ^ A^i(r)R 

be the dual linear map of the pullback ip* : iV^(F)R ^ iV^(X)R of M-divisors on Y. 
We call the numerical pullback via tp and 93*1 the numerical pushforward via ip. 

The numerical pullback and the numerical pushforward satisfy some useful proper- 
ties, as a projection formula, by definition. 

The following is immediate from the definition. For a detailed proof, see [Bar08, 
Chapter 4.2.2]. 

Lemma 2.9. Let X be a smooth fourfold and let ip : X ^Y be a small contraction 
with flip diagram (1). 

(i) If 1 is the class of a line which lies in a fibre of p and 7+ is the class of a 
curve which lies in a fibre of ip'^ , then 

0t(7+) = -7- 

(a) Let c+ be an irreducible curve on X^ . Then (j)l{[c^]) is an effective class if 
and only if c+ is not contained in the exceptional locus of the flipped small 
contraction More precisely, if is not contained in , then 

rMc+])^[c] + k[rs], 

where c is the strict transform of , k > with equality iff c+ is disjoint from 
and Ts is an irreducible curve which is contained in a fibre of the small 
contraction ip. The analogous statement holds for the numerical pushforward 
of a curve which is not contracted by tp. 

□ 



2.2. The Mori cone of a smooth fourfold. The following proposition will later 
serve as an induction step in the proof of the fact that the moving cone of a smooth 
fourfold is polyhedral. The proof of the proposition relies on Kawamata's results. 
It essentially uses Lemma 2.9 and the fact that the exceptional locus of the flipped 
small contraction is a disjoint union of finitely many rational curves. 

Proposition 2.10. Let X be a smooth projective fourfold such that Kx fails to be 
nef and such that NE(X) is a convex, polyhedral cone in A^i(X)r, 

NE(X) = ([pi], . . . , [pk], [ni], [n„])R^ say, 

where each pi is an irreducible curve on X such that [pi] - [Kx] > 0. Assume that 
there exists an ample divisor A on X and a real number e > such that 

(i) every irreducible curve c ^ pi, . . . ,pk on X is {Kx + sA)-negative and that 
(a) each rij is a rational curve on X , in particular [nj] .{[Kx] + £[A]) < by (i). 

Moreover, assume that [n„i] is a small extremal class with extremal contraction 
ip : X ^Y and let 
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be the flip of Denote by S := Excx(^) the exceptional set of ip in X and by 
:= Excjf+((/3+) the exceptional set of ip~^ in . 

Then NE(X+) is a convex, polyhedral cone in iVi(X+)K. For every ample divisor 
on there exists an > such that every irreducible curve c+ =^ , . . . ,p'^ 
which is not contained in is {Kx+ + A^) -negative, where p^ denotes the 
strict transform of pi under (j>, for i = 1, . . . ,k. 

Strategy for the proof. Since NE(X"'') contains no lines, it is the span of its extremal 
rays. Therefore, to show that NE(X+) is polyhedral, it is sufHcient to show that 
NE(X+) has only finitely many extremal rays. There exists a decomposition 

NE(X+) = m{X+) + R+[n+] + R+[p+] + • • • + R+[p+], 

where NI(X+) is a certain subcone of NE(X+) that we will define later. Any 
extremal ray R of NE(X) which is not equal to M+[n+] or i = 1, . . . , /c, is 

then an extremal ray of N^X"''). We will then show that for every ample divisor ^+ 
on X+ there exists an e+ S ]R>o such that NI(X+) \ {0} is entirely [Kx+ +e+^+]- 
negative. Therefore, every extremal ray R of NE(X) which is not equal to R+[n+] 
[p'l] is [Kx+ +e^A+]-negative. This will conclude the proof since 
Mori's Cone Theorem says that NE(X"'") has only finitely many [Kx+ + e"*"^"*"]- 
negative extremal rays. 

Proof. First of all, note that the existence of the map (j) is guaranteed by Corol- 
lary 2.3, and note that X^ is a smooth fourfold. Moreover, we know that S is the 
disjoint union of its irreducible components, which are isomorphic to P^, and that 
5"+ is a disjoint union of smooth rational curves. 

Without loss of generality, we may assume that S and 5*+ are irreducible. For 
conformity, we will denote the irreducible curve by n+. Furthermore, we can 
assume that 

by Lemma 2.9. Recall that for every irreducible curve r+ ^ n+ on X^ the class 
0*([r"'"]) is effective and not zero by Lemma 2.9. Let pf be the strict transform of 
Pi under (j) for alH = 1, . . . , fc, define P := {n+,p^, . . . 

s 

NI(X+) := {^aj[c^] I £ IR+,c,+ ^ P is an irreducible curve on X^}. 
1=1 

and denote by Nl(X+) the closure of NI(X+) in Ni{X+)r. A straightforward 
computation shows that 

NE(X+ ) = m{X+ ) + R+ [n+ ] + M+ + • • • + M+ b+] . 

By Assumption (i) , we know that all irreducible curves on X except pi, . . . ,pk are 
(Kx + eA)-negative for a certain ample divisor ^ on AT and a certain real number 
e>0. 

Now let be an arbitrary ample divisor on X^ and set 

p' •— i-nin r g[^] [P'] -["jl I — 1 I, ^ _ 1 ™ 1 \ 

e mm|0.([A+]).b.]' r{lA+]).ln,] I « - -L, ■ • ■ J - i, . . . ,TO - i| . 

We have to check that e' is well-defined. Since none of the Pi, 1 < i < k, or nj, 
1 < j < m, are contained in the exceptional locus S of ip, all the classes 
and 4'*i{[n'j]) are effective by Lemma 2.9. Thus < . (/>*i([pi]) = .[pi] 
and < [A+] . = (j)* {[A+]) .[nj] for all z = 1, . . . , fc and j = 1, . . . ,m - 1. 
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In particular, e' > by the previous consideration. With this definition, Assump- 
tion (i) yields that 

(3) {[Kx] + e'<l>*{[A+])) . 77 < {[Kx] + e[A]) . tj for all G NE(X). 

Note that it is sufficient to check inequality (3) for the classes \pi] and [rij] since 
NE(X) = {[pi], [pk], [ni], . . . , [n™])H^. Now set 

Claim. Every class 7 £ Nl(X+) \ {0} is {[Kx+] + £+[A+])-negative. 

Proof of the Claim. Let ^ 7 e N!(X+). By definition of NI(X+), there exists a 

sequence of effective cycles (7;)/gN C N^X"'") such that 7; '^°°> 7. Let ^ € N be 
an arbitrary integer. The class 7; is given by a finite sum 

where > and cf is an irreducible curve on which is not contained 
in the set P = {n^,p^, . . . for all i = l,...,s. Lemma 2.9 yields that 

'/'id^i*']) = [cj] + ki[n„i], where q denotes the strict transform of and ki is a 
suitable non-negative integer, for alH = 1, . . . , s. 

Note that each a ^ Pj, for all j = 1, . . . ,k since none of the curves is equal to 
one of the pj', j = 1, . . . , fc. 

Therefore, {[Kx] + e[A]) .{[ci] + fcj[n„]) < for all i = 1, . . . , s and 

(4) 4>i{li) is an effective {[Kx] + £[A])-negative class. 
Thus 

{[Kx.] + s'[A+]) . 7/ - r{[Kx.] + e'[A+]) . 0^(7/) 
= {[Kx]+s'<j>*{[A+])).<j>Uli) 
< {[Kx] + e[A]) . ri{li) < by (3) and (4) 

This yields that {[Kx+] +s'[A+]).j = lim ([i^x+l +e'[A+]).ji < 0. Since 

/ — '■OO 

7 e Nl(X+) C NE(X+) and A+ is ample, we obtain that 

[Kx.] + e+[A+]) . 7 = {[Kx+]+e'[A+]).j -^[A+] . 7 < 0. Dciaim 

<0 >0 

By definition of the cone NI(X+), this yields that every irreducible curve 
c+ ^ p'^ , . . . ,p'^ which is not contained in is {Kx+ + e+A+)-negative. 

Now let i? := M.+ iy be an extremal ray of NE(X+) such that v is not numerically 
proportional to [pf], ■ . ■ , [p^] or [n^]. The existence of such an extremal ray is 
guaranteed by the fact that NE{X~^)k^+<o ^ 0- The given decomposition of 
NE(X+) yields that R C Nl(X+) and thus {[KxA + e+[^+])-negative. 

Since there are only finitely many ([iirx+] -|- e^[A+])-negative extremal rays in 
NE(X+) by Mori's Cone Theorem, this shows that NE(X+) has only finitely many 
extremal rays and concludes the proof. □ 

Remark 2.11. The proof of Proposition 2.10 shows that 

NE(X+) = Nl(X+) + R+[ji+] + R+[p+] + • • • + M+b+], 

where NI(X+) C NE(X+);f^^ <o, is a curve in the exceptional locus of the 
fiipped small contraction and the are the strict transforms of the ifjif-non- 
negative curves pi, i = 1, . . . , /c, under the fiip 0. Moreover, every irreducible curve 
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which is not numerically proportional to pf , . . . or n+ , is contained in NI(X+). 
Note that it is not true that the strict transforms of curves which span extremal 
rays of NE(X) will always span extremal rays of NE(X+). Even if they do, the 
types of extremal contractions can change. 

Definition 2.12. A smooth projective fourfold which satisfies the requirements 
of Proposition 2.10 is called a pmc-fourfold. Let Xq be a pmc-fourfold. A finite 
sequence 

Xq Xi • • • Xn 
of birational maps is called a pmc-flip sequence for Xq if 

(i) the map (fii : Xi-i Xi is the fiip of a small contraction which contracts a 

-negative extremal ray IR+[si_i], for alH = 1, . . . ,n, and 

(ii) the Mori cone NE(X„) of the fourfold Xn has no /sTj^^ -negative small extremal 
rays. 

We will call a pmc-fiip sequence for Xq a pmc-flip sequence for IR.+ [so] if the first 
map 01 : Xq Xi in the sequence is the fiip of the small contraction which 
contracts the A'xQ-negative extremal ray M+[so]- 

The number of fiips in a pmc-fiip sequence is called the length of the pmc-flip 
sequence. 

Remark 2.13. Note the following two apparent statements. 

(i) Each variety Xi, for i = 0, . . . ,n — 1, in such a pmc-fiip sequence is a pmc- 
fourfold by Proposition 2.10. In particular, NE(X„) is polyhedral. 

(ii) If X is a smooth Fano fourfold such that NE(X) has a small extremal ray, 
then X is a pmc-fourfold. This is obvious, as we can take A = —Kx and 
£ ~ ^, for example. 

We will now show that pmc-fiip sequences exist and that there are just finitely 
many pmc-fiip sequences for each pmc-fourfold. This is an immediate consequence 
of the following theorem due to Y. Kawamata, K. Matsuda and K. Matsuki. 

Theorem 2.14 (See [KMM87, Theorem 5-1-15]). There is no infinite sequence of 
flips for threefolds and fourfolds. □ 

Thanks to this result we are able to prove the afore-noted statement. 

Lemma 2.15. Let Xq he a pmc-fourfold. Then there exists a pmc-flip sequence 
for every small extremal ray o/NE(Xo). Moreover, there exist only finitely many 
pmc-flip sequences for Xq. 

Proof. The existence of a pmc-fiip sequence for every small contraction is an im- 
mediate consequence of Corollary 2.3, Proposition 2.10 and Theorem 2.14. 

We will prove the second statement of the lemma by contradiction. Suppose there 
are infinitely many pmc-fiip sequences for Xq. Since NE(Xo) has only finitely many 
extremal rays, there has to be a small extremal ray M-|.[so] with fiip 0i : Xq Xi 
such that infinitely many pmc-fiip sequences start with 4>i. Proposition 2.10 yields 
that NE(Xi) is polyhedral, too. Therefore, there has to be a small extremal ray 
M+[si] of NE(Xi) with fiip 02 : Xi X2 such that infinitely many pmc-fiip 
sequences start with the map 01 o 02 • In this manner we can construct an infinite 
sequence of fiips successively which, however, is a contradiction to Theorem 2.14. 

□ 
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Construction and Definition 2.16. Let X be a pmc-fourfold and let M.+ [s] be 

a small extremal ray of NE(X). Let Xk be a smooth projective fourfold which 
appears in a pmc-flip sequence for K+[s] and denote by <f>fc : X Xk the induced 
birational map. The Mori cone of Xk is polyhedral, 

NE(Xfc) = {ae Ni{Xk)m \ a .[N,] > 0,i = 1, . . . ,m} say, 

where A^i, . . . , Nm are nef divisors on Xk which span Nef(Xfc). 

We define 

E(i{Xk)nef :={($fc)*([Ar,]) |i = l...,m} 
as the set of pullbacks via the map $fe of nef divisors on Xk which span Nef(Xfc). 
We set 

EqiXk)d^v ■.= {{<i>knm)\i = i,...,i}, 

where Ei, . . . ,Ei are the exceptional divisors which correspond to the divisorial 
extremal rays of NE(Xfc). 

Furthermore, let Poly(M+[s]) be the set of varieties which appear in a pmc-fiip 
sequence for [s] . 

We call the set 

Eq(]R+[s]):= U (Eq(Xfc)„e/ U Eq(Xfc)d™) 

A-fcePoly(K+W) 

the set of equations for [s] . 

Remark 2.17. Note that the set Eq(R-|.[s]) is a finite set of classes of divisors on 
X for every small extremal ray of NE(X). 

3. Proof of the main theorem 

We will now give the definition of the set Eq(X), which was introduced in the 
statement of the main theorem of this paper. 

Definition 3.1. If X is a smooth Fano fourfold, then set 

k 

Eq(X) := ( U Eq(M+[s,])) U Eq(X)„e/ U Eq(X)d„, 
1=1 

where R4.[si], . . . , M+[s/j] are the small extremal rays of NE(X). We call Eq(X) the 
set of equations for X. 

Note that Eq(X) is a finite set of classes of divisors by Remark 2.17. 

3.1. Proof of Theorem 1.1. Let X be a smooth Fano fourfold. The inclusion 

NM(X) C {7 G Ni{X)r I 7 . a > for all a e Eq(X)} =: M 

follows from the fact that the numerical pushforward of a movable class by a fiip is 
again a movable class. Let us prove that NM(X) 3 M. 

Let 7 G Ni{X)^ such that 7 . A > for all A € Eq(X) and let D be an arbitrary 
irreducible divisor on X. We need to show that 7 . [-D] > by Theorem 2.1. If [Z?] is 
contained in the set (Eq(X))R^ of effective linear combinations of classes in Eq(X), 
then there is nothing to show. Thus we can assume that [D] is not contained in 
(Eq(X))M+. 

The inclusion Eq(X)„e/ C Eq(X) yields that 7 £ NE(X). Since X is Fano, we 
know that 

NE(X) = ([/i], . . . , [/,„], [di], . . . , [d„], [si], . . . , [sfc])K+, 
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where fi,dj,si are rational curves on X, IR+[/i] is an extremal ray of fibre type, 
M+[dj] is a divisorial extremal ray and M+[s;] is a small extremal ray, for all 
I = 1, . . . , m, j = 1, . . . , n and / = 1, . . . , fc. 

Thus it is sufficient to show that [/»] .[D] > 0, [dj] .[D] > and [si] .[D] > 0, for all 
i = 1, . . . ,m, j = 1, . . . ,n and / = 1, . . . , fc. 

We choose arbitrary indices I < i < m, 1 < j < n and 1 < I < k. 

By assumption, IR+[/i] is an extremal ray of fibre type. Therefore, clearly 
[fi] . [D] > since D cannot contain every fibre of the corresponding contraction. 

Let Ej denote the exceptional divisor of the extremal contraction corresponding to 
M+[(ij]. Since [D] ^ Eq{X)div, we have [D] ^ [Ej]. Therefore, we can find a curve 
c C Ej such that c ~num dj and c <^ D. Hence [dj] . [D] > 0. 

The last inequality [s/] .[D] > is shown in the following Proposition 3.2. □ 

Proposition 3.2. Let Xq be a smooth Fano fourfold and let ]R.+ [so] « small 
extremal ray o/NE(Xo). If D is an irreducible divisor on Xq such that [D] is not 
contained in the closed cone (Eq(]R_(-[so]))K^ spanned by classes in Eq(R+[.so]), then 
[D].[so]>0- 

Since the proof of Proposition 3.2 is rather long, we have subdivided it into a 
number of steps for the reader's convenience. 



3.2. Proof of Proposition 3.2. 

Step 1, setup of notation. Let D be an irreducible divisor on Xq such that [D] is 
not contained in the closed cone (Eq(M+ [so]))m^ spanned by classes in Eq(R-|-[so]). 
Furthermore, let 

Xo - - ^ 




be the fiip diagram for R+[so]. Following the notation introduced in Figure 1, let 
[sq] be the class of an irreducible curve Sq in a fibre of lPq and let Di be the strict 
transform of D under 0i. Note that —sq.Kxq = 1 = . Kx^ by Equation (2) 
of page 3. We may assume that the exceptional locus of <po is irreducible. Then 
Remark 2.11 yields that 

NE(Xi) = Nl(Xi)+M+[sJ], 

where NI(Xi) is i^Xi^negative, and that Sg is the only i^Xi^non-negative curve on 
Xi. 

We will prove Proposition 3.2 by contradiction. Assume that [£'].[.so] < 0. We 
know that [Di] = {4>i)*i[D]) and Lemma 2.9 gives (0i)*([D]) .[sj] > 0. 

We will now construct an infinite sequence of fiips successively, which is impos- 
sible by Theorem 2.14, and therefore a contradiction. Throughout the proof of 
Proposition 3.2, we use the notation outlined in Figure 1. 
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strict transform of D 


in 


Xn 


Sn 


^n-exceptional locus in X„, components are isomorphic to 


in 


Xn 


o + 


^^-exceptional locus in X„+i, components are isomorphic to 


in 


Xn + 1 


Sn 


line in a component of S„ 


in 


Xn 


^n + l 


a component of 


in 


Xn + 1 




for < m < n — 1, the strict transform of s^^^ 


in 


Xn + 1 


fn 


strict transform of s„ 


in 


Xn-1 



Figure 1. Notation for sequences of flips 



Step 2, finding a flip sequence of lengtli two. By Lemma 2.15 there exists a 
pmc-flip sequence for M_|_[so] and, of course, Xi appears in every pmc-flip sequence 
for M_(.[so]. Thus [Di] cannot be a nef class since [D] ^ (Eq(R_|_[so]))M+ by as- 
sumption. Hence there has to be a geometrically extremal ray Ri of NE(Xi) such 
that [Di] is negative on Ri. Proposition 2.10 yields that i?i is if jfi ^negative since 
[Di] . [sj] > 0. The contraction of the ray i?i cannot be a flbre contraction since [Di] 
is effective and since [D] ^ (Eq(]R+[so]))H+ , it cannot be a divisorial contraction. 
Therefore, i?i = M_|-[si] is a small extremal ray with exceptional locus ^i. Without 
loss of generality, we may assume that Si is irreducible and hence S'l = . Let 

Xi ---^X2 




be the flip diagram for M+[si]. With the notation of Figure 1, Remark 2.11 yields 
that 

NE(X2 ) = m{X2 ) + K+ [si] + K+ [si] , 
where NI(X2) is entirely /irx2 ^negative and Sgjsf are the only ifx2 ^non-negative 
curves on X2. Lemma 2.9 yields that 

[D2].[sl] = {4>2U[Di])-[si] - [^i] . {4>2m[si]) - -[Di].[si] > 0. 

Claim 3.3. NE(X2) has a small ^negative extremal ray i?2. 

Proof of Claim 3.3. Assume that there is no small i^Xa^negative extremal ray in 
NE(X2). Then, by deflnition, 02 o 0i is a pmc-flip sequence for IR+[so]. Since 
[D] ^ (Eq(M+[so]))M+, the divisor class [D2] = {4>2)*{{4'i)*{[D])) is not nef and 
there exists a geometrically extremal ray R of NE(X2) such that D2 is negative on 
R. The intersection ■ R cannot be negative. If it was, then the contraction of 
the ray R would be either a divisorial or a flbre contraction. However, it cannot 
be a flbre contraction since D2 is efi^ective and it cannot be a divisorial contraction 
since [D] ^ (Eq(R+[so]))K+ ■ The ray R is therefore ^non-negative and Proposi- 
tion 2.10 shows that R is either the ray M+[s^] or the ray R+[sq]. However, we have 
already seen that [D2] .[s^] > 0. Thus, our assumption yields that [D2] .[sq] < 0. 
To conclude our argumentation, we will show that in fact [D2] .[sq] > 0, which will 
yield the desired contradiction. 

If sj and Si are disjoint, then (02)i([so]) = [sq] by Lemma 2.9 and we obtain that 

(5) [D2] .[si] = (02)*([Z?2]) . (02)I([sg]) = [Di].[sl] > 0. 
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Figure 2. Sketch for the proof of Claim 3.3. 



Moreover, an analogous computation shows that [i^Xa] - [sq] = 1 in this case. 

To prove Claim 3.3 it is thus sufficient to show that does not intersect the surface 
Si^V^. To see this, we will investigate the numerical pullback of [si], which is the 
class of an arbitrary line in the surface Si =P^, via on X^. Lemma 2.9 gives 

(</'i)t(N)-[/i] + fcN, 

where fc > with equality iff si and sj are disjoint. See Figure 2. Equation (2) 
yields that 

Since Xq is Fano, we obtain > [Kxq] [/i] = fc — 1 ^ fc = 0. This yields that 
is disjoint from any line in S'i=P^. Thus Sq is disjoint from 5*1 and hence 
[D2] [so] > by Equation (5). In particular, the curves ,Sq and are disjoint. 
Claim 3.3 is therefore shown. nciaim 3.3 

So far we have shown the following. 

Summary 3.4. The curves Sq and are disjoint and they are the only irre- 
ducible curves in X2 with [sq], [s^] S NE(X2)a:x2>o- Moreover, we know that 
NE(X2) = n!(X2) + M+[sg] + K+[s?], that [4] .[Kx^] = 1 = [sj] .[Kx^] and that 
[sg] .[D2] > 0, [sf\ .[-D2] > 0. The divisor D2 is negative on a small iiTxa ^negative 
extremal ray R2 = R+[s2] of NE(X2) and NI(X2) is entirely iCxa ^negative. 

Step 3, extending an existing flip sequence. Now assume that we have con- 
structed a sequence of flips of length n, as in Figure 1, with the following properties 

(A„) The Xi, . . . , Xn are pmc-fourfolds and 

NE(X„) = Nl(X„) + R+[sS] + ... + M+[<_i], 

where NI(X„) C {Kx„)^q, the curves Sq , . . . , sjj_j^ are pairwise disjoint and 
are the only if x„ -non-negative curves in X„. 
(B„) We have [KxJ "[sf] = 1, for i = 0, . . . , n - 1. 

(C„) The strict transform D„ C X„ of D under 0„ o . . . o 0^ is positive on all 

ifx„ -non-negative extremal rays M+[s"] of NE(X„). 
{D„) Dn is negative on a small ifx„-negative extremal ray i?„ = K+[s„] of 

NE(X„). 

We may assume that the exceptional locus Sn of the corresponding extremal con- 
traction is irreducible. 

Theorem 2.2 and Corollary 2.3 yield that S'n ^P^ and that the flip 

4>n+l ■ Xn Xn+1 
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of Rn exists. Remark 2.11 yields that 

NE(X„+i) = mXn+i) + + . . . + 

where NI(X„+i) is entirely /^Xn+i^negative and the s"^^ are the only Xxn+j-non- 
negative curves on Xn+i. 

In order to apply this construction inductively, and thus construct an infinite flip 
sequence, it suffices to show that the sequence Xq • Xn^i again satisfies 
the properties (A„+i)-(D„+i). It will turn out that they are all corollaries of the 
following claim. 

Claim 3.5. The curves s", i = 0, . . . , n — 1, and the surface Sn are disjoint. 

Proof of Claim 3.5. We will prove that s"_2 and S„ are disjoint first. With the 
notation of Figure 1, if s„ C Sn — V'^ is any line. Lemma 2.9 gives 

{(f>n)*l{[Sn]) = [/«] + l[Sn-l], 

where I > with equality iff s"_i and s„ are disjoint. Equation (2) yields that 

-1 = [KxJ.[Sn] = (0n)*([i^xj) ■ ) t ( [s„] ) = [if;f„_ J . ([/„] + l[Sr,.i]) 

and we obtain that 

[Kx„_A-[fn]=l-l- 

Note that [ii'j(:„_i] [/n] < 0, for otherwise /„ is one of the curves s'^~^ , which is 
impossible since all are i^jf-non-negative by Property (B„) and [Kx„] ■ [s„] = — 1 
by Equation (2). We obtain that > [ifj(:„_i] [/n] — l~l^l^Q and hence s^-i 
is disjoint from any fine in S'„=P^. It follows that s"_;^ and Sn are disjoint. In 
particular, the curves s"ti and s"+^ are disjoint too. 

We go on with the curve sj^_2. Note that s^^_-^ and Sn are disjoint by the previous 
step and s"_2 is disjoint from s"_i by Property (A„). This yields that the fiip c/)„ 
is an isomorphism along Sn and s^_2- Thus, we can investigate the intersection 
of s"l2 with the inverse image r„ of Sn under (/)„, which is again isomorphic to 
. This situation is completely analogous to the one of the previous step and the 
analogous computations yields that sj^lj is disjoint form r„. Hence s"_2 is disjoint 
form Sn and is disjoint from s^"*"^. 

In this manner, we can prove successively that the curves s" are disjoint from Sn 
and that the curves s""*"^ are disjoint from s^"*"^. □claim 3.5 

Step 3a, proof of Property (An+i). We have already seen that 

NE(X„+i) = m{Xn+i) + R+[s^+'] + ■■■+ 

where NI(X„+i) is entirely i^Tjc^^^-negative and the s"^^ are the only Kx^^^-non- 
negative curves on Xn+i- The fact that the curves Sq"*"^, . . . , s"+^ are pairwise 
disjoint follows from Claim 3.5. 

Step 3b, proof of Property (Bn+i). We have 

[Ax„+J .K+^] - {^n+M[Kx^)\sl+'] = -[Kx^\sn] = 1 

by Equation (2). Now let < z < ri — 1 be an integer. Since s" is disjoint from Sn 
by Claim 3.5, Lemma 2.9 yields that ((/-n+i)! ([s^"^^]) = [s?] and 

[^x„+j .[^r^] = {K+iU[Kx^)\sr'] = [Kx^m = i 

by Property (B„). 
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Step 3c, proof of Property ( Cn+i )■ With the same argumentation as in the previous 
step, we obtain that 

[Dn+l] -K+'l = (0„+i).([i^„]) = -[D„].[sn] > 0, 

by Lemma 2.9 and that 

by Property (C„) for i < n. 

Step 3d, proof of Property (Dn+i). We claim that there exists a small A'x„+i- 
negative extremal ray R' of NE(X„+i) such that Dn+i is negative on R'. Since 
[D] ^ (Eq(M+[so]))R+, the divisor class [fn+i] = {(pn+i) *{{(/>) *i[D])) is not nef 
and there exists a geometrically extremal ray R' of NE(X„+i) such that -Dn+i 
is negative on R' . We have already seen Property (C„+i), in other words, that 
[i?„+i] is positive on the rays ]R+[sg'''^], . . . ,M+[s"+^]. Therefore, Property (A„+i) 
shows that R' is contained in NI(X„_|_i) and hence ifx^+i^negative. However, 
the corresponding extremal contraction cannot be a fibre contraction since D„+i is 
effective and since [D] ^ (Eq(IR-|.[so]))M+ , it cannot be a divisorial contraction. Thus 
the extremal contraction of the ray R' is small and Property (D„+i) is therefore 
proved. 

Step 4, summary, end of proof. Summarising, we can note the following. To- 
gether the properties [D] ^ (Eq(R-|_[so]))R+ and [D] .[sq] < yield that there exists 
a small extremal ray Ri in the Mori cone of the flipped variety Xi such that the 
strict transform of D is negative on By construction, the class of the strict 
transform of D is not contained in the set (Eq(i?i))K+ and we can iterate this pro- 
cess. By induction, this construction yields an infinite sequence fiips and hence the 
desired contradiction. This concludes the proof of Proposition 3.2. □ 

3.3. Proof of Proposition 1.2. The proof is completely analogous to the proof 
of Theorem 1.1. The inclusion 

NM(X) C {7 G Ni{X)wL I 7 . A > for all A G {[£^1], . . . , [Ek]} U Nef(X)} 

can be seen directly, or deduced by Theorem 2.1. To prove the other inclusion, 
recall the fact that the Mori cone of a smooth threefold has no small extremal rays. 
Now we can conclude the proof with the same argumentation as in the proof of 
Theorem 1.1. □ 

4. An example for the computation of the moving cone 

A priori, the set Eq(X) defined in Theorem 1.1 seems to be very large and cumber- 
some. We will now sketch an example which shows that the situation is not that 
bad and which illustrates the computation of the set Eq(X). For details see [Bar08, 
Example 4.34]. 

Example 4.1 (See [Bar08, Example 4.34]). Let tt' : ^ ^ be the vector bundle 
Ops © (C'p2(l)®2) over P^. The variety 

Y := F{<^) 

is a smooth fourfold and the induced projection map tt : F — > P^ has a section 
corresponding to the quotient — > Op2 — > 0. Let S" C y be the image of this 
section, let F' be a fibre of the projection tt and let I be a line in F' which does not 
intersect the plane S". We denote by F' the class of the pullback of a hyperplane 
in P^ and by A' the class of the line bundle (1). Moreover, we denote by 7' the 
class of a line in S' and by A' the class of a line in a fibre of tt. 



14 



SAMMY BARKOWSKI 



Now let ^ : X ^ Y he the blow up of F in denote by E the exceptonal divisor 
of the blow up and denote by rj the class of a curve in a fibre oi ij.\e ■ E ^ I. We 
fix some more notation. 

Let F and S denote the strict transforms under /i of F' and S", respectively. The 
class of the strict transform under /i of a divisor with class F' which does not contain 
F' is given by /x*(r') =: T, of a divisor with class T' which contains the fibre F' by 
r — [E], and of a divisor with class A' by /i*(A') — [E] =: A. The strict transform 
of a divisor with class A' — T' is given by A — T + [E]. 

The class of the strict transform under /i of a curve with class 7' is given by 
Mi(7') =• 7) of a curve in F' by ^*(A') — ry =: and of a general curve with class 
A' by ^ll{X') =:\ = v + ri. 

Fact: The variety X is a smooth Fano fourfold and one can check that 

NE(X) = (7, 

The extremal contractions of the extremal rays M+i^ and M_|_7 are small with ex- 
ceptional loci F and S, respectively. Moreover, some short computations show that 
NE(X) is cut out of Ni{X)^ by the nef divisor classes T, A and A+[E] = M*(A')- 
Thus we have 

Eq(X)„,/ = {T,A,{A+[E])} and Eq(X)d„ = {[E]}. 

Now we will compute the pmc-flip sequences for M.^u and M_|_7, and we will start 
with the sequence for R+j/. Let <j)i : X --^ Xi be the flip of the small extremal ray 
R+v. We set Ti := (0i),(r), Ai := (0i)*(A) and [£^1] := )*([£;]). Let 1^1 denote 
the class —{(t>i)*i{v) and let Fi be the indeterminacy locus of (fii in Xi. 

The class of the strict transform under of a curve with class 7 is given by 
(^i)*i(7) — =: 71 if the curve intersects F, and by 71 + vi otherwise. 

The class of the strict transform under 4>i of a curve with class 77 is given by 
((/>i)*i(77) — Ui =: 771 if the curve intersects F, and by 771 + vi otherwise. 

The class of the strict transform of a curve with class A is given by (0i)*i(A) =: Ai. 
Now one proves that 

NE(Xi) = (7i,J^i,Ai)k^ 
and that the extremal contractions of M+71 and R+Ai are of fibre type. Thus there 
is only one pmc-fiip sequence for R+j/, which has length one. Furthermore, NE(Ari) 
is cut out of 7Vi(Xi)r by the hyperplanes F^'-, A3'- and (Fi — We obtain that 

Eq(A:i)„e/ = {F, A, (F - [E])} and Eq(Xi)d„ = 0. 

We go on with the pmc-fiip sequences for 7. Let 02 : X --^ X2 be the fiip 
of the small extremal ray R+7. We set F2 := (02)*(F), A2 := (</)2)*(A) and 
[E2\ := {4'2)*{[E\). Set 72 '■— — (02)*i(7) and let 5*2 be the indeterminacy locus 
of 4>2 in X2 ■ 

The class of the strict transform under (p2 of a curve with class v is given by 
{4>2)*i{v) — 72 =: V2 if the curve intersects S, and by V2 + 72 otherwise. 

The class of the strict transform under 4>2 of a curve with class A is given by 
(02)*i(A) — 72 A2 if the curve intersects S, and by A2 + 72 otherwise. 

The class of the strict transform of a curve with class 77 is given by {4>2)*i{'n) V2- 
Some short computations show that 

NE(X2) = (72,J^2,?72)r+, 

that the extremal contraction of M+i^2 is of fibre type and that the extremal con- 
traction of R_|-r;2 is divisorial with exceptional divisor E2. 
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Thus there is only one pmc-flip sequence for M_|.7, which has length one, as well. 
Furthermore, NE(X2) is cut out of Ni{X2)r by the hyperplanes A^, (A2 + [-E2])"'" 
and (A2 - r2 + [-^2])^. This yields that 

Eq(X2)„e/ = {A, (A + [E]), (A - r + [E])} and Eq(X2)d„ = {[E]}. 

Combining all this, we have 

Eq(X) = {A,r, [E], iT-[E]),iA+[E]\{A-T+ [E])} 
and a short computation gives 

NM(X) = {<; e Ni{X)r \^.A>0, for all a G Eq(X)} 

= (A,(A + 7),(7 + '^))r+- 

The complete situation is sketched in the following picture, where the hatched areas 
inside the Mori cones illustrate the moving cones of AT, Xi and A'2. 



NE(X) {A + [i?])^ ' cross-sections through 

\ I / the Neron-Severi spaces 

M ^ of X,Xi and X2. 




Figure 3. The hatched areas sketch the moving cones inside the 
Mori cones. 
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